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1. INTRODUCTION 
As it is well known, any sequence of classical orthogonal polynomials {p, (x)} always satisfies [1,2] 
a three-term recurrence relation 
po(x) = 1, p l (x )  = a0x  - /~0,  
Pn-]-l (x) @ (fin - °~nX)pn(x) Jr ~/nPn-l (x) ---- 0, n_>l ,  
(I) 
where c~i,fl~, Ti E •. 
The coefficients aN, /~, and ~/~ are explicitly known [1,2] in all the classical cases, as the 
Jacobi, Gegenbauer, Chebyshev, generalized Laguerre, and Hermite orthogonal polynomials (for 
completion, we present hem in Table 1). 
Obviously, the above three-term recurrence relation is not the unique linear recurrence satisfied 
by classical orthogonal polynomials, it is just the lowest order recurrence relation that they follow. 
In this paper, we focus our attention in the generation of classical orthogonal polynomials by 
means of linear recurrences of any odd degree. Once the coefficients of the recurrence relation 
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Table 1. Coefficients for the three-term recurrence r lation of the Jacobi (P(a'#)), 
Gegenbauer (C~X), Chebyshev polynomials of the first kind (Tn), generalized La- 
guerre (L(~)), and Hermite (Hn) orthogonal polynomials. 
P(x) o~,~ fin 7n 
Jacobi (a+~+2n+l) (a+~+2n+2) 032-Cx 2) (2n+l+cx+/~) (n+c~) (n+fl) (2n+2+~+~) 
(~x, fl > -- I )  (2n+2)(n+l+a-t-fl) (2n+2)(n+l-bc~+t3)(2n+a+fl) (n+l)(n+i+~+#)(2n+a+~) 
Gegenbauer 2(n + A) 1) 
n+l  
Chebyshev s0 = 1, an = 2 (n > 1) 0 1 
2n+l+a Generalized 
Laguerre 
1 
n+l  
n+2A-1  
n+l  
n+l  
Hermite 2 0 2n 
n+a 
n+l  
are known we can use them, for instance, in the numerical  evaluation of orthogonal  polynomial  
series by  means  of an extended Clenshaw's algorithm [3,4] (the numerical  stability of such an 
algorithm has been  recently studied in [3]). 
2. H IGH-ORDER RECURRENCES 
In some practical situations, it can be useful to have recurrences of any order satisfied by 
families of orthogonal polynomials. In this section, we provide the complete formulae for solving 
this problem in the case of classical orthogonal polynomials on the real line. 
Let us begin with a technical lemma. 
LEMMA 1. Let {P0 (x), Pi (x ) , . . .  } be a sequence of classical orthogonal polynomials. Then, 
n+i 
x%(x) : 4,s;,(x), (2) 
s=max{O,n--i} 
where 
o I, an, ~ = 
1 1 
On,n+ 1 = - - ,  
~n 
O~ n 
I ~/n, 
Cn,n_ 1 = - -  
C~ n 
i O'n -- {+_______!l i--i 
Cn,n_ i -- O~n--i+l Cn, n - i+ l  ' 
ci "~n--i-k2 i--1 ~n--i-bl i--1 
n,n- - i+l  - -  ~ an n--i+2 ~- Cn,n-- i+l '  
n--i+2 ' C~n--i+l 
i __ ~s+l  i--1 ~Sci - -1 1 i--1 
Cn's ~s+l  cn 's+l  -~ --(~s n,s "~- Ces_iCn,s--1 
c i ~+i -1  i-1 1 ~-1 
- -  - -  Cn,n+i--1 -~ Cn n+i--2'  n,nWi--1 ~n+i--1 OLn+i--2 ' 
i 1 i - I  
Cn,n+ i -- O~n+i_  1 Cn~ n+i - l "  
(n - - i+ l<s<n+i -1 ) ,  
PROOF. By induction over i. The  case i = 0 is obvious. For i = 1, the three-term recurrence 
relation of the classical orthogonal polynomials (1) gives us the expression. NOw, assume that 
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the result is true for i - 1, that  i s ,  
n+i - - I  
xi- lpn(X) = E C i-1 IX" ~,8 Ps[  ). 
s=max{O,n--i+l} 
In order to simplify the notation, we consider the case max{0, n - i} = n - i (the other case is 
obtained by considering that the three-term recurrence relation (1) begins at n = 2). Then, 
n+i--1 
x%(x)= 
s=n--i+l 
n+i--1 
O/8 s=n--i+ l 
1 el_ 1 ix \ 
- -  - -  n,n+i-lPn+i[ ) 
(~n+i--1 
~_ (fln+i--l i--1 1 i--1 ) Pn+i--l(X) 
\C~n+i_l Cn,n+i--1 -~ O~n+i_ 2 Cn,n+i--2 
n+i-2 [ ~+---Ac/-1 ~s c~_1 1 i-1 ) 
"~ E ~O~s+l n,s+l @ ~ n,s @ On,s--1 Ps(x) 
s=n--i+2 0@-- i  
-}- I~--_;~ c . . . .  i+2 + cn,n-i+l Pn-i+l(x) 
\ ~-- i+2 O~n--i+l 
+ %~-i+i el-1 
an-i+l . . . .  i+lPn-i,X~'( ) | 
Now, by using the above technical lemma and choosing any polynomial h(x), we can obtain the 
coefficients of the linear recurrence of order 2. degree{h(x)} + 1 that permits us to generate the 
classical orthogonal polynomials (note that the standard recurrence (I) is obtained for h(x)  = x). 
PROPOSITION 1. Let {po(x),pl(x),... } be a sequence of classical orthogonal polynomia]s. For 
any polynomial h(x) of degree g, 
n+g 
j=max{O,n--g} 
where 
g 
c~,j are the coeft~cients given by Lemma i, and h(x) = g ~i=0 h~ z~" 
PROOF. The proof is done by using the above lemma and the power series expression of the 
polynomial h(x). 
g 
h(x)p~(x) = E hixip~(x) 
/=0 
i=0 \s=max{O,n--i} 
= h <,j , 
j=max{O,n-g} i=ln-jl 
In the case of Chebyshev polynomials, we can simplify the above results because the coefficients 
in the linear recurrence (1) are constant. 
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COROLLARY 1. Let pj (x) be the Chebyshev polynomial of degree j of the first kind Tj (x) or the 
second kind Uj(x) and h(x) = ho + hlX q- h2x ~ +. . .  + hg  g. Then, for n > g, 
t=-g \j=m~{0,-t} 2t+~J ; p~-t(x). 
PROOF. From Table 1, the coefficients of the Chebyshev polynomials in the three-term recurrence 
relation (1) are c~m = 2 (m _> 1); /~,~ = 0; 7m = 1. By substituting in Lemma 1 and induction 
over i, we obtain after simple manipulation 
0, ( ) i fn+i -sodd ,  
i Cn,s = 1 
2- 7 n+i -s  , i fn+i -seven,  
2 
n- i<s<n+i .  (5) 
Therefore, 
= 
g 
/=0 
= ht c~,sps(x = hz -~ pn-l+2j(x) 
l=0 \ s=n- I  l=0 j=0 
h 1 n -s+2 j  
j=O s=n--g-t-2j 
= 2 _ +2j Vs(X)  
s=n-g \j=max{O,s--n} 
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